We study the effect of the Maxwell-Cattaneo law of heat conduction (MCHC) on the ID flow in a vertical slot subject to both vertical and horizontal temperature gradients. The gravitational acceleration is allowed to oscillate, which provides an opportunity to investigate the quantitative contribution of thermal inertia as epitomized by MCHC. The addition of the time derivative in MCHC increases the order of the system. We use a spectral expansion with Rayleigh's beam functions as the basis set, which is especially suited to fourth orderboundary value problems (BVP). We show that the time derivative (relaxation of the thermal flux) has a dissipative nature and leads to the appearance of purely real negative eigenvalues. Yet it also increases the absolute value of the imaginary part and decreases the absolute value of the real part of the complex eigenvalues. Thus, the system has a somewhat more oscillatory behavior than the one based on Fourier's heat conduction law (FHC).
INTRODUCTION
One of the main shortcomings of Fourier's law of heat conduction (FHC) is that it leads to a parabolic equation for the temperature field. This means that any initial disturbance is felt instantly, but unequally, throughout the entire medium in question. This behavior is said to contradict the principle of causality; and is known as the 'paradox of heat conduction' (PHC). To remedy this unrealistic feature, various modifications of Fourier's law have been proposed over the years, not all of which have been successful (see, e.g., [1] ). Of the formulations that have proven physically acceptable, the best known is the Maxwell-Cattaneo law of heat conduction (MCHC) [2, 3, 4, 5, 6] (l + To^,)^=-KVr,
where dt stands for the partial time derivative and q denotes the heat flux vector, which predicts the existence of thermal waves. Here, K(> 0) denotes the thermal conductivity, and the thermal relaxation characteristic time TO(> 0) represents the time lag required to establish steady heat conduction in a volume element, once a temperature gradient has been imposed across it [4] . While successful in many ways [2, 3, 4, 5] , Eq. (1) does suffer one notable drawback: it is not invariant upon changing to a moving frame. This issue was discussed in [7] , where it was argued that the simple time derivative had to replaced by an invariant rate, specifically, the convective (or material) derivative. Subsequently, in [8] , a more general invariant time derivative (or 'objective rate') was used, namely, the Oldroyd upper-convected derivative, which is invariant in a generally accelerating and deforming coordinate system connected with the medium in which the heat propagates. The frame indifferent MCHC reads (see [8] )
An important feature of the Frame Indifferent Maxwell-Cattaneo Law (FIMC) is that it gives a single equation for the heat conduction
pcp where A is called the 'coefficient of heat diffusivity.' To better understand the consequences of this material invariant (or frame indifferent) formulation, in this work, we study the flow of an incompressible Newtonian fluid in a vertical slot subject to both a vertical and a horizontal temperature gradient [9] . It should be noted that this flow was thoroughly investigated in [10, 11, 12, 13] under FHC and with time dependent gravity (the so-called g-jitter flow). To highlight the role of the different terms in the objective rate, we at first investigate the limiting case of constant gravity using a truncated Galerkin expansions. We then proceed to a numerical investigation of the stability of MCHC-based g-jitter flow.
CONVECTION IN A VERTICAL SLOT
Following [11, 13] , we consider natural convection in a vertical fluid with differentially heated lateral surfaces. The x-axis is across the slot and y is taken as the vertical coordinate. The fluid fills the strip between the planes x = -h and x = h (see Figure  !) • In this work, p is the mass density, v is the kinematic viscosity, and A is the above defined thermal diffusivity. Additionally, M, v are the Xjj-components of the velocity; T is the temperature; and r_ and r+ are the temperatures of the left and right walls at position y = 0. Furthermore, Aj is the vertical temperature gradient and the horizontal temperature differential is /3 = (r+ -T^)/h. We assume r+ > r_, without loss of generality, and we define the reference temperature as !« = (r+ + r_)/2.
It is convenient to introduce the dynamic dimensionless variables as follows:
where the characteristic velocity of the convective motion isU = v/h, and the dimensionless temperature can be defined as T -TR = {6 + Xj-+ 5j-)hli, where 5 = AT/P x = (x = FIGURE 1. Flow geometry is the relative vertical gradient of the temperature. And along with 5, we also introduce the dimensionless complexes
which are termed the Cattaneo, Rayleigh, and Prandtl numbers, respectively. It can be shown that in terms of the stream function (see [11, 13] and the literature cited therein), the ID equation of motion reads
where e and (o are the dimensionless amplitude and frequency of the gravity modulations. (For the case of steady gravity, e = 0.) The equation for the temperature field is based on [8, 14] , and in terms of the stream function reads
which naturally encompasses FHC by simply setting Tc = 0. In terms of the above dimensionless quantities, the boundary conditions are given by
which completes the formulation of the initial-boundary value problem under consideration.
TRUNCATED GALERKIN EXPANSIONS
Our first task is to investigate system (6), (7), (8) for the case of steady gravity (e = 0 in (6)) using a truncated Galerkin expansion. In doing so, we compare the results obtained for FHC (TC = 0) with MCHC for T^ = 0.01. Our basis functions are Lord Rayleigh's beam functions [15] and the trigonometric functions. The suitability of these two sets of functions, for problem of this kind, has been well-established (see [13] and the literature cited therein). All relevant formulas for the expansion of the various derivatives of the beam-functions into series with respect to the system, as well as the cross-expansion formulas, are given in the Appendix for the convenience of the reader.
We expand the unknown functions W and 0 as follows:
where, due to symmetry, we need only use even beam functions for W and odd trigonometric functions for 0. Let us now substitute these expansions into Eqs. (6), (7)) and employ the necessary expansion formulas (see the Appendix) to obtain the dynamical system
tive.
where bij = Xi=i OikOkj (J = 1,2,... ,N) and a superposed dot denotes the time derivaNext, we re-write Eqs. For the case Tc > 0, if we take N terms in expansions (9), we obtain a 37V x 37V system, and A has 37V eigenvalues. However, for the FHC case (TC = 0) we have a 27V x 27V system and . AC^-'K -Ra(CO-'X^ \ '^^y 5B^ _5B^Ra(C0-'X^-^n2J' ^ ^ which obviously has 27V eigenvalues. Below, in Table 1 , we present the eigenvalues for 7V = 1,3,7, which were obtained using Mathematica ©. These results were obtained for the parameter set Pr = 0.73, Ra = 10^, 5 = 0.15, and Tc = 0.01 was taken for the MCHC case. Clearly, the eigenvalues converge with the number of terms taken, because those with lower numbers do not change much when adding more terms in the expansion; in fact, even the one-term expansion is qualitatively very good in predicting the behavior of the system: stable or unstable. Eigenvalues with positive real parts mean exponential growth of the coefficients Pi{t), di{t), and hence they imply instability, whereas 3i{lJ.i) < 0 pertain to decaying oscillations.
Thus, for this parameter set, and for steady gravity, both the MCHC and FHC cases are stable. As expected, this behavior is observed also for other Rayleigh numbers in the interval Ra < 100000. The results presented in Table 1 also show that adding a relaxation term in the heat conduction law has the following two, somewhat opposing, effects.
(i) The oscillatory modes decay slower than the FHC case. In addition, the frequencies are slightly higher. This means that the oscillatory transients will decay in a longer time, making the system less damped as far as oscillations are concerned. This might have the effect of lowering the threshold of instability in the unsteady case, and we will investigate this in the next section. (ii) Negative real eigenvalues appear for the MCHC system. This signals the appearance of non-oscillatory, strongly damped transients, which are not present under FHC. This means that when in a subcritical stable regime, the MCHC system is more damped overall. The reason is that the energy will decay faster, because a sizable portion of it is redistributed into the non-oscillatory transients, which decay rapidly.
The opposing effects of the MCHC model compel us to treat a genuinely unsteady case. The natural platform for this investigation is the flow with unsteady gravity, i.e., the g-jitter flow.
THE UNSTEADY GRAVITY CASE
In order to treat the g-jitter flow, we use the following numerical scheme Here, we observe that Eq. (16b) also holds for the FHC case by simply setting Xc = 0. The stability and accuracy of this scheme (Eq. (16)) are discussed in [13] , where it is shown that the convergence rate of the spectral coefficients pi, dt is fifth-order algebraic for FHC; it is a straightforward task to extend those results to the MCHC case. For the g-jitter case, the main effect is that the introduction of time varying gravity can bring about a parametric instability. This effect was first reported in [10] , and later on thoroughly investigated by means of different numerical techniques in [11, 13] , where extensive diagrams of the parametric instability were compiled. The amplitude e of the oscillatory part of the gravitational acceleration plays the role of a bifurcation parameter. Depending on the physical parameters (i.e., the Rayleigh, Prandtl, and Cattaneo numbers), the threshold for e varies, but the most important observation (first reported in [11] ) is that for different frequencies, the oscillatory motion can be either isochronic, or a subharmonic bifurcation can take place. In this work we focus on cre-ating the bifurcation diagram for the MCHC model and comparing it to the FHC-based results from [11, 13] .
For the unsteady flow simulations, we again employ the parameter values Pr = 0.73, Ra = 10^, 5 = 0.15, and TC = 0.01. The results of these computations, generated using the scheme given in Eq. of frequencies, we found that epuc > £MCHC-This answers the question posed in the previous section regarding the comparative stability of the two models: Despite the appearance of a very damped non-oscillatory mode, the MCHC-based model loses stability in the g-jitter case earlier than the FHC-based one. We thus conclude that FHC is, in a sense, "more stable" than MCHC.
Another interesting observation is that some of the local minima in Figure 2 correspond to the imaginary parts of the eigenvalues in Table 1 . For the MCHC case, we have 3(^3) = 252.49780 and 3(^17) = 125.54751 approaching the local minima at to = 252 and (0 = 122. In the FHC case, the values 3(^0 = 76.68097 and 3(^7) = 118.25278 approach the local minima at co = 14 and « = 116 respectively. The imaginary parts of the eigenvalues found in the previous section are the oscillatory natural modes of the constant gravity system. The fact that the stability of the excited g-jitter system is reduced at CO values that are close to those of the natural modes is a clear demonstration of resonance.
CONCLUSIONS
We examined the effect of the Maxwell-Cattaneo law of heat conduction (MCHC) on two-gradient convection in a vertical slot. For the case of constant gravity, a truncated Galerkin expansion, based on Rayleigh's beam functions for the stream function and trigonometric functions for the temperature, have been used. The eigenvalues of the resulting dynamical system show that for the parameter set considered, both the MCHC and Fourier conduction (FHC) cases are stable. However, the oscillatory modes of the MCHC model were found to decay slower than those of the FHC model.
For the case of gravity modulation, the expected pattern of alternating isochronous and subharmonic bifurcations was observed for both the FHC and MCHC models. The FHCbased solutions were found to be stable for larger values of the modulation amplitude than their MCHC counterparts. In addition, a correspondence between the minima in the stability diagrams and the imaginary parts of eigenvalues of the constant gravity flow was determined. This indicates that there is a resonant interaction between the modes of the constant gravity and g-jitter flows for both heat conduction models. 
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